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Abstract
MacMahon [Combinatory Analysis, vols. I and II, Cambridge University Press, Cambridge, 1915, 1916 (reprinted, Chelsea,
1960)] introduced a perfect partition of positive integer n, which is a partition such that every positive integer less than or equal to n
can be uniquely represented by the sum of its parts. We generalize perfect partition and ﬁnd a relation with ordered factorizations.
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1. Introduction
MacMahon [1, pp. 217–223] introduced the concept of a perfect partition of a positive integer n, which is deﬁned as
a partition which contains one and only one partition of every lesser number. For instance, (1 1 3 6) is a perfect partition
of 11 because we can uniquely express each of the numbers 1–11 by using the parts of two 1’s, a 3, and a 6. He derived
a recurrence relation for the number of such partitions using generating functions and found a nice relation between
the number of perfect partitions of n and the number of ordered factorizations of n. See [4] for more information.
In [2,3] perfect partitions are generalized by deleting the uniqueness condition. Such a partition of n, which we call
a complete partition of n, is deﬁned to be a partition  = (1 . . . l ) such that every number m with 1mn can be
represented by the form of m =∑li=1 ii , where i ∈ S = {0, 1}. In this paper, we introduce partitions of n having
the following property; every number between k and n − k can be represented exactly k ways and other numbers less
than or equal to n can be uniquely represented, which is a generalization of perfect partitions.
2. Double-perfect partitions
First, we state a deﬁnition of partitions, which is well-known.
Deﬁnition 2.1. A partition of n is a ﬁnite non-decreasing sequence  = (1 . . . l ) with i > 0 and∑li=1 i = n. The
i are called the parts of the partition and the number l is called the length of the partition.
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Usually we denote a partition by = (m11 . . . mll ), where the i are strictly increasing, and mi is the multiplicity of
the part i . We formally deﬁne perfect partitions of n again to see how we generalize them.
Deﬁnition 2.2. A partition  = (m11 . . . mll ) of n is a perfect partition of n if every non-negative integer m with
1mn − 1 can be uniquely expressed as m =∑li=1 ii , where i ∈ {0, 1, . . . , mi}.
In this deﬁnition, omitting the fact that n can be represented is natural since the representation of n is obvious. For
n = 7, partitions (17), (13 4), and (1 2 4) are perfect partitions.
Lemma 2.1 (MacMahon [1]). The form of a perfect partition is
(1a1(a1 + 1)a2{(a1 + 1)(a2 + 1)}a3 . . . {(a1 + 1)(a2 + 1)a3 . . . (ak + 1)}ak+1),
where each ai is a positive integer.
Now, we consider partitions of n which have the condition that every number between k and n−k can be represented
exactly k ways and other non-negative numbers less than or equal to n can be uniquely represented. If k = 1, such a
partition is a perfect partition. Such partitions with k = 2 have nice properties and are the subject of this paper. We now
show that such partitions does not exist for k3 and then study the properties of such partitions for k = 2.
Lemma 2.2. If k3, then there do not exist partitions of n which have the property that every number between k and
n − k can be represented exactly k ways and other numbers less than or equal to n can be uniquely represented.
Proof. Suppose the partition =(m11 m22 . . . mll ) satisﬁes the conditions for k3. Since the number 1 is representable,
1 = 1. Thus, there is i such that (m11 m22 . . . mii ) is a perfect partition of integer N = m11 + · · · + mii but
(m11 
m2
2 . . . 
mi+1
i+1 ) is not. It follows that i+1N . (If i+1 >N+1, thenN+1 is not representable, while if i+1=N+1
then (m11 
m2
2 . . . 
mi+1
i+1 )is perfect.) But then i+1 has precisely two representations, while every number less than i+1
has one representation. 
But, we can ﬁnd examples easily for k=2. For instance, (12 2 3) satisﬁes the condition; the numbers 1, 6, and 7 have
unique representation and the numbers 2, 3, 4, and 5 have two representations, respectively
1 := 1,
2 := 1 + 1 = 2,
3 := 1 + 2 = 3,
4 := 1 + 1 + 2 = 1 + 3,
5 := 1 + 1 + 3 = 2 + 3,
6 := 1 + 2 + 3.
Deﬁnition 2.3. Adouble-perfect partition ofn is a partition=(1 . . . k)ofn such that each integermwith 2mn−2
can be represented exactly twice as m =∑ki=1 ii , where i ∈ S = {0, 1}.
Note that every double-perfect partition should have at least two 1s and one 2 as parts. For the convenience, we
regard (12) and (13) as double-perfect partition of 2 and 3, respectively.
Example 2.1. Let n = 7. Then there are three double-perfect partitions, (15 2), (13 22), and (12 2 3).
Let  = (a11 a22 . . . akk ) be a double-perfect partition of n. Suppose that a1 = 2 and a22. If k > 2 then 3 is a part
of , and 4 is made three ways: 1 + 3, 1 + 1 + 2, and 2 + 2. So if a1 = 2, then a2 = 1. Consider the case that a14
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and a22. Then 4 can be made at least three ways: 1 + 1 + 2, 2 + 2, and 1 + 1 + 1 + 1. Thus if a14, then a2 = 1.
So we can say that
Lemma 2.3. A double-perfect partitions has the following form
(1a12a2(a1 + 2a2 − 1)a3{(a1 + 2a2 − 1)(a3 + 1)}a4
{(a1 + 2a2 − 1)(a3 + 1)(a4 + 1)}a5 . . .),
where a12 and a2, a3, . . . are positive integers with the condition that if a1 = 3 then a2 = 1.
Proposition 2.1. Let D(n) be the number of double-perfect partitions of n. Then
D(n) =
∑
m−1|n−1,m−1<n−1
D(m)
for n6 with the initial conditions D(2) = D(3) = D(4) = D(5) = 1.
Proof. Let=(1a1 2a2 a33 . . . ak−1k−1 akk )be a double-perfect partition of a positive integern6,where3=(a1+2a2−1)
and i=(a1+2a2−1)∏i−1j=3(aj +1), i4. If =(1a1 2a2) has only 1 and 2 as parts and a1=3, thenwe canmake a double-
perfect partition =(13) of 3whichmakes 3−1 a divisor of n−1 since 3+2a2−1 is even. If a1 = 3, then  corresponds
to = (12). If  has parts greater than 2, we can obtain a double-perfect partition = (1a1 2a2 a33 . . . ak−2k−2 ak−1k−1 ) of m
by removing all the largest parts, m=n−k ·ak =n− (m−1)ak , by Lemma 2.3, which makes m−1 a divisor of n−1
less than n−1. Conversely, let = (1a1 2a2 a33 . . . ak−1k−1 akk ) be a double-perfect partition of a positive integer of m<n
which makesm−1 a divisor of n−1. Ifm=2, then =(12), and we can recover a double-perfect partition =(1n−2 2)
of n. If m = 3, then  = (13) corresponds to the double-perfect partition  = (13 2a2) of n, where a2 = (n − 3)/2 and
n is odd since m − 1 divides n − 1. If m = 2 and m = 3, then we can obtain a double-perfect partition  by adding
m − 1 as the largest part with multiplicity ((n − 1)/(m − 1) − 1). 
Example 2.2. Let n = 13. Then
D(13) = D(2) + D(3) + D(4) + D(5) + D(7)
= 1 + 1 + 1 + 1 + 3
= 7.
The 7 double-perfect partitions of 13 are (111 2), (15 2 6), (13 26), (13 2 42), (13 22 6), (12 2 33), and (12 2 3 6).
Now we have a relation between the number of double-perfect partitions of n and the number of the ordered
factorizations of n − 1 without the unit factor.
Theorem 2.1. Let D(n) be the number of double-perfect partitions of n and let F(n) be the number of ordered
factorizations of n without the unit factor, with the initial conditions F(0) = 0 and F(1) = 1. Then
D(n) =
{
F(n − 1) − F (n−14 ) if n ≡ 1 mod 4,
F (n − 1) if n /≡ 1 mod 4.
Proof. We shall prove this by showing that there is a bijection between the set of double-perfect partitions of n and
the set of ordered factorizations of n − 1 without the unit factor except the form 2 · 2 · 3 . . . k since the number of
ordered factorizations of the form 2 · 2 · 3 . . . k of n − 1 is F((n − 1)/4) if n ≡ 1 mod 4, 0 if n /≡ 1 mod 4. Let
= (1a1 2a2 (a1 +2a2 −1)a3 {(a1 +2a2 −1)(a3 +1)}a4 . . . {(a1 +2a2 −1)(a3 +1) . . . (ak−1 +1)}ak ) be double-perfect
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partition of n. Consider the case that a2 = 1. Then
n = a1 + 2 · 1 + (a1 + 1)a3 + (a1 + 1)(a3 + 1)a4
+ · · · + (a1 + 1)(a3 + 1) . . . (ak−1 + 1)ak
= 1 + (a1 + 1) + (a1 + 1)a3 + (a1 + 1)(a3 + 1)a4
+ · · · + (a1 + 1)(a3 + 1) . . . (ak−1 + 1)ak
= 1 + (a1 + 1)(a3 + 1) . . . (ak−1 + 1)(ak + 1).
So we obtain an ordered factorization of
n − 1 = (a1 + 1)(a3 + 1) . . . (ak−1 + 1)(ak + 1)
not of the form 2 · 2 · 3 . . . k since a12. If a22, then a1 = 3 and
n = 3 · 1 + 2a2 + 2(a2 + 1)a3 + 2(a2 + 1)(a3 + 1)a4
+ · · · + 2(a2 + 1)(a3 + 1) . . . (ak−1 + 1)ak
= 1 + 2(a2 + 1) + 2(a2 + 1)a3 + 2(a2 + 1)(a3 + 1)a4
+ · · · + 2(a2 + 1)(a3 + 1) . . . (ak−1 + 1)ak
= 1 + 2(a2 + 1)(a3 + 1) . . . (ak−1 + 1)(ak + 1).
Hence we also obtain a ordered factorization of
n − 1 = 2(a2 + 1)(a3 + 1) . . . (ak−1 + 1)(ak + 1)
not of the form 2 · 2 · 3 . . . k since a22. The converse is straightforward. 
Corollary 2.1. If n = 4k + 1, then the number of perfect partitions of n − 2 is equal to the number of double-perfect
partitions of n.
Proof. The number of perfect partitions of n is equal to the number of ordered factorizations of n + 1 without the unit
factor [1]. 
Example 2.3. Let n = 9. Then n − 1 = 8. Ordered factorizations of eight without the unit factor are 8, 2 · 4, 4 · 2, and
2 · 2 · 2. So we have three double-perfect partitions of 9, in fact, those are (17 2), (13 23) and (13 2 4).
Example 2.4. Let n= 19. Then n− 1= 18. Factors for 18 are 2, 3, 6, 9, and 18. So ordered factorizations of 18 using
these factors are 18, 2 · 9, 9 · 2, 3 · 6, 6 · 3, 2 · 3 · 3, 3 · 2 · 3, and 3 · 3 · 2. Thus, there are eight double-perfect partitions
of 19; (117 2), (13 28), (18 2 9), (12 2 35), (15 2 62), (13 22 62), (12 2 3 62), and (12 2 32 9).
Now we ﬁnd a relation between compositions and double-perfect partitions.
Proposition 2.2. Let n− 1=p, where p is a prime number. Then if p is odd, the number of double-perfect partitions
of n is equal to the number of compositions (1 . . . k) of . If p = 2, the number of double-perfect partitions of n is the
same as the number of compositions (1 . . . k) of  without compositions having the form (1 1 3 . . . k).
Proof. Let p = 2 and let (1 . . . k) be a composition of  such that 1 = 1. We construct a double-perfect partition of
n which corresponds to this composition. Consider the following partition:
(1p
1−1 2 (p1)p2−1 (p1p2)p3−1 . . . (p1 . . . pk−1)pk −1).
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This is a form of a double-perfect partition of n since
1 · (p1 − 1) + 2 + p1(p2 − 1) + (p1p2)(p3 − 1)
+ · · · + (p1 . . . pk−1)(pk − 1)
= 1 + p1 + p1(p2 − 1) + (p1p2)(p3 − 1)
+ · · · + (p1 . . . pk−1)(pk − 1)
= 1 + p1+···+k = 1 + p
= n.
If 1 = 1, then 2 = 1 and we can construct a double-perfect partition
 = (13 2p2−1 {2(p2)}p3−1 . . . {2(p1 . . . pk−1)}pk −1)
of n since
3 + 2(p2 − 1) + 2p2(p3 − 1) + · · · + 2p2 . . . pk−1(pk − 1)
= 1 + 2 + 2(p2 − 1) + 2p2(p3 − 1) + · · · + 2p2 . . . pk−1(pk − 1)
= 1 + 2p2 . . . pk
= 1 + p1+···+k = 1 + p
= n.
Similarly, if p is odd, we can obtain a double-perfect partition
 = (1p1−1 2 (p1)p2−1 (p1p2)p3−1 . . . (p1 . . . pk−1)pk−1)
of n. 
Corollary 2.2. If n = 2 + 1, then the number of double-perfect partitions of n is 3 · 2−3 for 3 and if n = p + 1,
where p is an odd prime, then the number of double-perfect partitions of n is 2−1.
Example 2.5. Let n = 28. Then n − 1 = 27 = 33. The number of compositions of 3 is four, (3), (2 1), (1 2), and
(1 1 1), which correspond to (126 2), (18 2 92), (12 2 38) and (12 2 32 92) and if n=9, then there are three double-perfect
partitions (17 2), (13 2 4), and (13 23) which have corresponding compositions except composition (1 1 1).
Now let us consider more general case of n − 1 = p11 p22 . . . pkk , where each pi is a prime number.
Theorem 2.2. Let n − 1 = p11 p22 . . . pkk , where p1 >p2 > · · ·>pk and each pi is a prime number. If pk > 2, the
number of double-perfect partitions of n is the number of compositions (11 . . . 1k, . . . , t1 . . . tk) of the multipartite
number (1, . . . , k) in which
∑t
i=1 ij =j . If pk =2, then the number of double-perfect partitions of n is the number
of compositions (11 . . . 1k, . . . , t1 . . . tk) of the multipartite number (1, . . . , k) in which
∑t
i=1 ij = j except
compositions having the form (0 . . . 01, 0 . . . 01, t1 . . . tk, . . . , t1 . . . tk).
Proof. Let n−1=p11 p22 . . . pkk , where eachpi is a prime number, andpk=2. For given composition (11 . . . 1k, 21
. . . 2k, . . . , t1 . . . tk) with 11 . . . 1k = 0 . . . 01 of the multipartite number (1, . . . , k) with
∑t
i=1 ij = j , we
can construct a double-perfect partition corresponding to this composition. Let us consider the following partition:
(1p
11
1 ...p
1k
k −1 2 (p111 . . . p
1k
k )
p
21
1 ...p
2k
k −1
. . . {(p111 . . . p1kk ) . . . (p
(t−1)1
1 . . . p
(t−1)k
k )}p
t1
1 ...p
tk
k −1).
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This is a double-perfect partition of n since
(p
11
1 . . . p
1k
k − 1) + 2 + (p111 . . . p1kk )(p211 . . . p2kk − 1)
+ · · · + (p111 . . . p1kk ) . . . (pt11 . . . ptkk − 1)
= 1 + p11+···+t11 . . . p1k+···+tkk
= 1 + p11 . . . pkk
= 1 + (n − 1)
= n.
If composition (11 . . . 1k, 21 . . . 2k, . . . , t1 . . . tk) with 11 . . . 1k = 0 . . . 01 and 21 . . . 2k = 0 . . . 01 is given,
then it corresponds to the following partition:
(13 2p
21
1 ...p
2k
k −1 {2(p211 . . . p2kk )}p
31
1 ...p
3k
k −1
. . . {2(p211 . . . p2kk ) . . . (p
(t−1)1
1 . . . p
(t−1)k
k )}p
t1
1 ...p
tk
k −1)
and it is a double-perfect partition of n. Similarly, if pk is an odd prime number, then we obtain a double-perfect
partition
(1p
11
1 ...p
1k
k −1 2 (p111 . . . p
1k
k )
p
21
1 ...p
2k
k −1
. . . {(p111 . . . p1kk ) . . . (p
(t−1)1
1 . . . p
(t−1)k
k )}p
t1
1 ...p
tk
k −1).
being made by a composition (11 . . . 1k, 21 . . . 2k, . . . , t1 . . . tk). 
Example 2.6. Let n=13 and m=46. Then n−1=3 ·22 and m−1=5 ·32. The following shows how double-perfect
partitions, ordered factorizations and compositions correspond.
composition ←→ ordered factorization of 46 ←→ double perfect partition
(12) ←→ 45 ←→ (1442)
(10,02) ←→ 5 · 9 ←→ (14 2 58)
(02, 10) ←→ 9 · 5 ←→ (18 2 94)
(11, 01) ←→ 15 · 3 ←→ (114 2 152)
(01, 11) ←→ 3 · 15 ←→ (12 2 314)
(10, 01, 01) ←→ 5 · 3 · 3 ←→ (14 2 52 152)
(01, 10, 01) ←→ 3 · 5 · 3 ←→ (12 2 34 152)
(01, 01, 10) ←→ 3 · 3 · 5 ←→ (12 2 32 94)
composition ←→ ordered factorization of 13 ←→ double perfect partition
(12) ←→ 12 ←→ (1112)
(10, 02) ←→ 3 · 4 ←→ (12 2 33)
(02, 10) ←→ 4 · 3 ←→ (13 2 42)
(11, 01) ←→ 6 · 2 ←→ (15 2 6)
(01, 11) ←→ 2 · 6 ←→ (13 25)
(10, 01, 01) ←→ 3 · 2 · 2 ←→ (12 2 3 6)
(01, 10, 01) ←→ 2 · 3 · 2 ←→ (13 22 6)
(01, 01, 10) ←→ 2 · 2 · 3 ←→ none
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